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I.. P. ROTHSCHILD AND J. A. WOLF a group, where P° is the analytic subgroup of G for p. Now suppose that p is an invariant real polarization for x and that p9^i-^27if<x, yY exponentiates to a character % on P°. The associated representations of G are the 7r,,^=Ind^C;), unitarily induced, where ^ ranges over the elements of ( x ?)^ that extend %. In the corresponding situation for solvable groups it is known [1] that the representations obtained depend only on the orbit and not on the choice of polarization, provided that the polarizations are required to satisfy the (( Pukanszky condition ". We show that if 9 is reductive then a polarization for x satisfies this condition if and only if x is semisimple ( § 2.4). Our most striking result is an example (Theorem 4.4.1) of a nilpotent element e in the split Lie algebra of type G^, and invariant real polarizations pi and p^ for e, such that none of the TT^ ^^ has a subrepresentation in common with any TT^^^. The point here is that n^ i, ?i 2in^ n e, 2, ^i ^a ve d 1^^111 infinitesimal characters. This phenomenon does not occur for solvable 2 'groups ( [4] , [5] , [6] , [17] , [19] , [20] ).
If xeg is semisimple, one studies "complex polarizations" q c: gc such that g p> (q+q) is a cuspidal parabolic subalgebra of g. Real polarizations are not available unless every eigenvalue of ad (x) is real, so one has to use a rather complicated holomorphic induction procedure ( [2] , [14] , [25] ) rather than Mackey's relatively simple unitary induction process. These complications are avoided in our study of representations associated to nilpotent orbits. Let x e 9 and let p be an invariant real polarization that is a parabolic subalgebra of g, such that y \-> 2n ;'< x, y) exponentiates to a character % on P°. Proposition 2.5.4 describes the elements of (T)" that extend %, and Proposition 2.6.6 relates the corresponding representations ^x,p,^ to certain representations induced from the parabolic subgroup of G with Lie algebra p. If p is a cuspidal parabolic subalgebra of 9 that is an invariant polarization for a nilpotent element e e 9, then y i-> 2 n i < e, y > exponentiates to the trivial character on P°, and Theorem 3.3.1 gives an explicit analysis of the representations ^e,p,^ including the calculation of their infinitesimal character. Our counterexample to independance of polarization, mentioned above, is based on this knowledge of the infinitesimal character.
Representations associated to real parabolic polarizations
We look at unitary representations of reductive Lie groups constructed from polarizations that are real parabolic subalgebras.
2.1. A CLASS OF REDUCTIVE GROUPS. -Let G be a reductive Lie group. In other words its Lie algebra 9 = c © 9' where c is the center and 9' = [9, g] is semisimple. We assume (2.1.1) if g e G then Ad (g) is an inner automorphism on c^'
Let G° be the identity component of G and ZQ (G°) its G-centralizer. Thus G° has center Z^o = ZQ (G°) n G°. We will also assume that G has a closed normal abelian subgroup Z such that REPRESENTATIONS ASSOCIATED TO NILPOTENT ORBITS 157 (2.1.2) Z c: ZG (G°) with G/ZG° finite and Z n G° co-compact in Z^o.
Thus our working class of groups is the class studied in [25] and [26] . While there seems to be no special reason to restrict attention to a smaller class of groups, we mention that, in view of (2.1.1), the case Z = { 1 } of (2.1.2) is : Z^ (G°) is compact.
2.2. POLARIZATIONS. -Let 9 be a real reductive Lie algebra, and let < , > be the direct sum of the Killing form of the derived algebra and a negative definite bilinear form on the center. If G is a Lie group with Lie algebra 9, and if G satisfies (2.1.1), then the nondegenerate symmetric bilinear form < , > is G-invariant.
Every x e g now defines a linear functional x* e 9* by (2.2.1) x*(^)=<x,^> for all^c.
That in turn defines an antisymmetric bilinear form
If q c: c^ is a complex subalgebra of 9^ tnat ls maximal among the totally Z^-isotropic subspaces of g^ we will say that q is a complex polarization for x. Here it is usual also to require that q + q be a subalgebra of c^, and the reader is warned that we are not making that requirement. By a real polarization for x we mean a subalgebra p c: 9 such that pc is a complex polarization for x.
Our notation for centralizers is the usual Let x e 9. By complex (resp. real) parabolic polarization for x, we mean a parabolic subalgebra of c^ (resp. of 9) that is a complex (resp. real) polarization for x.
Ozeki and Wakimoto have shown ( [18] , Theorem 2.2) that any polarization of x must be parabolic. We shall use this fact in the sequel without explicit mention.
x e g is called semisimple if ad x is a diagonalizable operator on 9c. It is well-known (and easy to prove) that every semisimple element of g has a complex parabolic polarization ( [18] , Proposition 2.3). jceg is called nilpotent if xe [9, 9] and ad x is a nilpotent operator on g^. It is known that there exist nilpotents with no polarizations. See [27] , p. 63 for an example of such a nilpotent in so (2, 3) .
Fix x e g and a complex (parabolic) polarization q for x. We decompose 2.4. PUKANSZKY CONDITION. -Let 9 be any real Lie algebra. If/eg* then a real (resp. complex) polarization for/is a subalgebra of 9 (resp of 9^) tnat ls maximal among the subspaces totally isotropic for the form bj-(x, y) = ^[x, ^]. If 9 is reductive this agrees with paragraph 2.2. Let G be the simply connected group with Lie algebra g. If G is solvable, and if/e 9* defines representations of G by polarizations and the orbit method [I] , then the " Pukanszky condition " on such polarizations for/is the usual REPRESENTATIONS ASSOCIATED TO NILPOTENT ORBITS 159 irreducibility condition for the corresponding representations. If G is reductive and/ = x* e 9*, we are going to see that the " Pukanszky condition " on a polarization for/is equivalent to semisimplicity of x, and so it will not hold for most of the representations studied in this paper.
Let p (resp. q) be a real (resp. complex) polarization for /e 9*. In the real case set e = b = p. In the complex case set e=(q+q)n9 and b=(qnq)n9=qn9
where" is complex conjugation of 9^ over 9. Let D° denote the analytic subgroup of G for b. Then (see [27] Proof. -In the real case set q = p^ ? so t^ Pukanszky condition for q agrees with that for p.
If x is semisimple then q = q^+q^ with q,. = 9^. For 9^ c: q^, q is parabolic, and dim q = 1/2 (dim 9^4-dim 9^). So b = (q n q) n 9 = ^+(qn n q») ^ 9.
Set u = q,, n q^ n 9 so U = exp (u) is a unipotent subgroup of G. Then D° = U^G") 0 , so Ad (D°) x = Ad (U) x, which is closed in 9 because unipotent orbits are closed. Now Ad* (D°) x* is closed in 9*. That is the Pukanszky condition.
Choose a Cartan subalgebra I) of 9 contained in q n 9. Then q = q^+ q^ where t)^ c q^, and one checks (see [24] , Lemma 2.10) that b^ = q n q has reductive and unipotent parts given by Now let 0^ and <!>" be the sets of I)c-roots such that r==I)c+ E 9" and q^= E 9oc-a e Or a 6 ^n ThuS C\n n ^n ls tne sum °^ ^ 9a wlt^ a e °n n °n-Let 3 denote the center of by. Since by is reductive and algebraic in 9, we can split 3 = t+t) where the ^-roots are pure imaginary on t and real on o. Now let 9 <= q^ n q^, that is a, a e <!)". Then a and a are nontrivial, with nonzero sum, on the center of q^. This nontriviality follows on the larger subspace 3^ °^ ^c-^v e conclude ocj,, 7^ 0. As these a all are contained in a positive root system, now we have y e D with a (y) > 0 whenever ^ c: q^ n q^. In particular lim Ad (exp (-ty)) x,, = 0.
f-*00
Let V be the analytic subgroup of G for x>. Then Ad (V) x = Ad (V) (x, + x,) = x, + Ad (V) x, using x, e b^. We just saw that 0 is in the closure of Ad (V) x^. Now ^ is in the closure of Ad (V) x, hence in the closure of Ad (D°) x. If x is not semisimple, we conclude that the Pukanszky condition fails.
Q. E. D.
REPRESENTATIONS ASSOCIATED TO INVARIANT REAL POLARIZATIONS. -Here G is
a reductive Lie group that satisfies (2.1.1) and (2.1.2). Let x e 9. A polarization for x is invariant if it is Ad (G^-stable. Now fix (2.5.1) p : invariant real polarization for x. As in (2.3.1), p = ?,+?" where ?" is the nilradical and p, is a maximal reductive subalgebra, and x = x^ + x^ accordingly. The parabolic subgroup of G for p is
From p = ?,.+?" we get a semidirect product splitting (2.5.2 b) P = P^. P^ where ?" = exp (?") unipotent and P, is reductive.
Here P^ = {g e G : Ad (g) p,. = p,. } has Lie algebra p,. Identity components satisfy P° = P,°.P».
We now require an integrality condition for x* : there is a well-defined character on P°w hose restriction to exp (p) is given by exp (y) -> e 2^^. We formulate that as 
[^] ^ a sub representation class of a unitarily induced class
[Indp+^(y(x)exp(27ry))]
where y e Z^ (G°)^ m7/z ^ = exp (2 TT fx*) |z Q.
Proof. -The adjoint representation maps G onto the real linear algebraic group G = G/ZG (G°). Since P/Z^ (G°) is a parabolic subgroup of G, it has only finitely many components; so P/P+ < oo. Normality of P+ in P is clear.
Invariance of p says that x ? is a subgroup of P. Evidently ZQ (G°) c= G", so P+ c^P and P/T | < oo. Let ^ be the Zoo-restriction of exp (2 n ix^). The group P° is of type I because it is a central extension of the linear algebraic group ad^ (P°) = (P/Z^ (G 0 )) 0 . Thus By Carton involution of G we mean an involutive automorphism 9 such that K= {geG :Q(g) = g] satisfies ZQ (G°) c K with K/Z^ (G°) maximal compact subgroup of G/ZG (G°). Thus < , > is 9-invariant and is negative (resp. positive) definite on the +1 (resp. -1) eigenspace of 9. See [25] Then the induced representation of G is denoted
The various series of unitary representations of G that occur in the Plancherel formula ( [9] , [10] , [25] ) are special cases of these TCp^^. We now express the ^^, of (2.5.5) in terms of the n^ ^.
' ' . In analogy to the splitting P = MAN we decompose Q. E. D.
Representations associated to nilpotent orbits
We study representations associated to real parabolic polarizations for nilpotent elements.
3.1. GENERALITIES ON NILPOTENT ELEMENTS. -We review the basic facts on conjugacy, centralizers and polarizations of nilpotent elements in a reductive Lie algebra. See [21] , [15] , [7] , [18] and [22] for proofs.
The Jacobson-Morosov embedding theorem : if e e 9 is nonzero nilpotent, then there exist h, fe g such that
The real span { A, e, f }^ is a three-dimensional simple subalgebra (TDS) of 9, isomorphic to sl(2; R) under
We call h a neutral element for e. Given e, any two TDS { h, e,f}^ are Int (g)-conjugate. If e' e g is another nilpotent element with the same neutral element /?, then e and e' are Int (g^)-conjugate but not necessarily Int (cO-conjugate.
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Fix a nilpotent element ee^ and a TDS { h, e, f}^ as in (3.1.1). Decompose 9 = E 9/ where the 9, are the irreducible { h, ^,/^-modules under its adjoint action on 9. Then 9 6 n 9y is the 1-dimensional space of highest eigenvectors of ad (h) on 9y. Denote c+ (resp. c_) as the number of even (resp. odd) dimensional 9^. Writing 9^ for the X-eigenspace of ad (/?), now
Choose a Cartan decomposition 9=^+5. Thus there is a Cartan involution 9 of a group G with Lie algebra 9, such that t and s are the (+ l)-and (-l)-eigenspaces of 9 on 9. Fix a maximal abelian subspace a of s and choose (3. 1.4 a) {oci, ..., a,.} : simple a-root system on 9, Under conditions (3.1.5) we say that e is even. Now let ^ e 9 be an even nilpotent element, h a neutral element for e, and p the sum of the non-negative eigenspaces of ad h. Clearly p is a parabolic subalgebra of 9, and it is known ( [22] , Proposition 2.2) that p is actually an invariant polarization for e. This polarization, which is unique up to conjugacy, will be called the natural polarization for e. Since the nilpotent elements whose orbits maximal possible dimension (regular nilpotents) are all even [15] , it follows that every reductive Lie algebra (with non-trivial semisimple part) contains a non-zero nilpotent e with a real invariant polarization.
3.2. GENERALITIES ON CHARACTERS. -Let G be a reductive Lie group of the class described in paragraph 2.1. We recall some basic facts from Harish-Chandra's general character theory. See [25] , paragraph 3.2 for more details, [23] for complete details.
If [n] e G and/e C^° (G) then n (/) =
f(g) n (g) dg is a trace class operator on the JG representation space H^, and Let © be the universal enveloping algebra of 9^ and let 3 be the center of (5. Hypothesis (2.1.1) says that 3 is the algebra of bi-invariant differential operators on G. Proof. -Since e is nilpotent. Corollary 2.3.5 says e^ y = 0, so exp(2nie*) is the trivial representation of P°. In particular, e satisfies the integrality condition (2.5.3). Now the classes R] e (T)" with TT^^ associated to e^ and p, are just the T-lifts of the elements of (T/P 0 )". That proves (1), and now (2) 
COROLLARY. -Let p be an invariant cuspidal parabolic polarization for a nilpotent element e e 9.
If [y e (T/P 0 )" then the representation ^,p,^ is CCR, L e. it sends every fe L^ (G) to a compact operator.
/P roof. -Every class [71] e G is CCR; this is how one shows that G is of type 1. See [25] , paragraph 3.2 for a discussion. Theorem 3.3.1 shows that [^pp] is a finite sum of irreducible classes, so it is CCR.
Corollary 3.3.2 gives examples of CCR representations associated to non-closed Ad* (G)-orbits in 9*. This contrasts with the case of solvable groups, where one expects [17] that the representations associated to a co-adjoint orbit should be CCR if and only if the orbit is closed.
An example of dependance on polarization
In this section we give an example of a nilpotent element e with two invariant polarizations p { a» } which are cuspidal parabolic subalgebras, such that the representations associated to p { oc^ } and p { o^ } respectively have different infinitesimal characters, and in particular have no equivalent subquotients. This gives an example, in the setting of semisimple groups, in which the representations depend very strongly on the choice of polarization. By contrast, results of Dixmier, Kirillov, Pukanskzy and Duflo (see [4] , [5] , [6] , [17] , [19] , and [20] ) show that such a phenomenon cannot occur in the setting of solvable groups.
We also show independence of polarization for a closely related nilpotent. This shows c^ + c^ = 2 n in and c^ + 3 €2 = 2n im for integers ^, w. Therefore Ci = TT fA:i, 6*2 = TT f/:2? ^i» ^2 integers, with /;i, Z:2 either both odd or even. In other words the components of G e are represented by 1 and (exp 71 ia^) (exp n ia^). Q. E. D.
We note here that there are many other examples of pairs of parabolic polarizations of nilpotent elements which are not conjugate, or even associated, for example in the split Lie algebras of types B^ and F4. However, in all cases of non-associated parabolic polarizations, other than in G^, which we checked one of the two polarizations was not invariant. In the cases where the two parabolic polarizations are associated, Theorem 3.3.1 shows that the infinitesimal characters of the associated representations are the same. Proof. -Let p be a real parabolic polarization for e'. Then p => n' => ^e where n' is a nilpotent subalgebra of dimension 6 in g. We may assume e^ chosen so that [^xp ^xi+soJ+E^i+o^ ^1+202] = °-As dim ^e > = dim g 201 = 4, it follows that c^ has basis { ^ai+a2? ^ai+3a2' ^2ai + 3oc2» ^ai+^ai+2a2 }• Let I) be the split Cartan subalgebra relative to which our roots are determined, and n the sum of the positive I)-root spaces. If e^ en and 0 7^ h e t) then e^-\-h is not nilpotent, so ^^/z^n'. Now let x e n'. If the ^..^a^o^)" 1^1 ' 111 °^
x were nonzero, then [^2ai+3oc2'
x } ^^Id be of the form e^-\-h with h ^-0 as above, contra-
e n/ -Thus x has no ^^a^t^)' 1^™ ' ^n e same argument now
shows that x has no e_^^^-term, then that x has no 6^^^-term, and finally that x has no e_^-ierm. In summary, if xen' then x = r^ ^+^ h'+r^ e_^ with ^ e R. If we always have ^3 = 0, then n' = n, and it follows that p is p { a^ } or p { o^ }. Now suppose that we have x e ^' with ^3 ^ 0. From [x, ^+3^3] e n' we see 6^ e n' and ^i+2a2 e n/ . so we ma y assume x = r^ e^+r^ h'+r^ e_^. Express We will show that Ad (g) p { o^ }, g e G [(yj, cannot be G^-invariant. Let We will first check that q e G 6 ' and then show that ^ cannot normalize any of the Ad(g)p {ai }, geG[_^~\.
That q eG^, is a direct calculation using 
